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ABSTRACT
We constructed a 6-degrees of freedom rotational model of Titan as a 3-layer
body consisting of a rigid core, a fluid global ocean, and a floating ice shell.
The ice shell exhibits partially-compensated lateral thickness variations in order
to simultaneously match the observed degree-two gravity and shape coefficients.
The rotational dynamics are affected by the gravitational torque of Saturn, the
gravitational coupling between the inner core and the shell, and the pressure
coupling at the fluid-solid boundaries. Between 10 and 13% of our model Titans
have an obliquity (due to a resonance with the 29.5-year periodic annual forcing)
that is consistent with the observed value.
The shells of the successful models have a mean thickness of 130 to 140 km,
and an ocean of ≈250 km thickness. Our simulations of the obliquity evolution
show that the Cassini obliquity measurement is an instantaneous one, and does
not represent a mean value. Future measurements of the time derivative of the
obliquity would help to refine the interior models. We expect in particular a
variation of roughly 7 arcmin over the duration of the Cassini mission.
Subject headings: Celestial Mechanics – Resonances, spin-orbit – Rotational dynamics
– Titan, interior
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1. Introduction
The Cassini spacecraft, in orbit around Saturn since July 2004, has allowed huge
progress on modelling of the internal structure and the rotational dynamics of Titan. An
internal ocean is consistent with the measurements of the tidal Love number k2 ≈ 0.6
(Iess et al. 2012) and was theoretically predicted by Lunine & Stevenson (1987), this
prediction being supported by several following studies, e.g. (Grasset & Sotin 1996;
Grasset et al. 2000; Tobie et al. 2005; Fortes et al. 2007). A comparison between the
shape of Titan (Zebker et al. 2009) (Tab.1) and its gravity field (Iess et al. 2010) (Tab.2)
suggests either variations in the thickness of a floating ice shell (Nimmo & Bills 2010;
Hemingway et al. 2013) or lateral variations in the shell’s density (Choukroun & Sotin
2012).
Table 1: The shape of Titan, from (Zebker et al. 2009).
Parameter Value
Subplanetary equatorial radius a 2575.15± 0.02 km
Along orbit equatorial radius b 2574.78± 0.06 km
Polar radius c 2574.47± 0.06 km
Mean radius R 2574.73± 0.09 km
EDITOR: PLACE TABLE 1 HERE.
EDITOR: PLACE TABLE 2 HERE.
Cassini observed Titan’s rotation as well. The most recent measurements suggest
the expected synchronous rotation (Meriggiola & Iess 2012) and a pretty high obliquity of
≈ 0.3◦ at the mean date March 11th 2007, already detected by (Stiles et al. 2008). If we
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assume that the rotation of Titan has reached its most probable dynamical equilibrium
state, i.e. Cassini State 1, then this obliquity is not consistent with a rigid Titan
(Noyelles et al. 2008; Bills & Nimmo 2008, 2011). However, the presence of an internal
ocean can lead to a resonant process raising the obliquity of Titan (Baland et al. 2011),
making the high obliquity a possible signature of a global subsurface ocean.
In this paper, we simulate the rotation of Titan, considering both the internal structure
and all the dynamical degrees of freedom. Our Titan is a 3-layer body composed of a rigid
inner core, a global ocean and rigid shell with a variable thickness. For each of the 2 rigid
layers, we simulate at the same time the longitudinal motion, the orientation of the angular
momentum, and of the figure polar axis. The dynamics of these 2 layers will be affected
by the gravitational pull of Saturn, the pressure coupling at the interface with the ocean
and the gravitational coupling between them. The pressure coupling is modelled after
Baland et al. (2011) and the gravitational coupling after Szeto & Xu (1997). In calculating
the torques, we take into account variations in the thickness of the ice shell (Nimmo & Bills
2010) consistent with the gravity and topography constraints. We then identify interior
structures for which the predicted rotation state is consistent with the observations, before
simulating the expected behavior of the obliquity of Titan.
Our model confirms the conclusion of Baland et al. (2011) that the unexpectedly high
obliquity of Titan could be due to a resonance with the periodic annual forcing. We go
further, however, in showing that the obliquity is predicted to be time-variable (Fig 9): a
prediction which analysis of Cassini radar observations (Bills et al. 2013) should be able
to test.
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2. The equations of the problem
The approach that we follow below is a generalization of the scheme adopted by
Baland et al. (2011). There are two important innovations in our approach. First, we
consider the three-dimensional orientation of the shell and of the core, so that we can
simultaneously treat both obliquity (Bills & Nimmo 2011; Baland et al. 2011) and also
longitudinal librations (Van Hoolst et al. 2013; Richard et al. 2014), as well as determining
the magnitude of the usually neglected polar motion. Second, we explicitly take into
account the rigidity and spatial variations in thickness of the ice shell, which are indicated
by Titan’s topography and gravity (Nimmo & Bills 2010; Hemingway et al. 2013) and
which affect the resulting torques.
Although our model is quite complicated, it does neglect some potentially significant
effects. Most notably, we do not consider the effects of either atmospheric torques or
torques due to flow in the subsurface ocean. The low viscosity of water argues against the
latter being important, but in some cases tidal forcing can lead to strong flows (Noir et al.
2009; Cebron et al. 2012). We defer consideration of this topic to future work. As discussed
below, we also neglect the potential effect of restoring torques due to elastic deformation of
the ice shell (Goldreich & Mitchell 2010; Richard et al. 2014).
2.1. Parameterization of the problem
We simulate the orientation of both the rigid inner core and the rigid shell (or crust).
For that, we need 2 sets of Euler angles, respectively (hc, ǫc, θc) for the core and (hs, ǫs, θs)
for the shell to represent the orientation of the principal axes of inertia of the considered
layer in an inertial reference frame (Fig.1).
EDITOR: PLACE FIGURE 1 HERE.
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These Euler angles present a virtual singularity. If the quantity ǫ is null, then the
angles h and θ are not uniquely defined, but their sum is. In practice, it appears that when
ǫ is small enough, then numerical uncertainties can erronously suggest an erratic behavior.
We by-passed this problem by using the following cartesian-like coordinates:
ξs,c = ǫs,c sin hs,c,
ηs,c = ǫs,c coshs,c,
ps,c = hs,c + θs,c.
When ǫ is null, then η and ξ are both null and the system does not present any singularity.
We also need to represent the angular momentum ~G of each of these rigid layers. For
that we use as variables the components of the associated rotation vector ~ω; this yields
~Gs = Asωs1
~f s1 + B
sωs2
~f s2 + C
sωs3
~f s3 for the shell and
~Gc = Acωc1
~f c1 +B
cωc2
~f c2 + C
cωs3
~f c3 for the
core. A, B and C are the principal moments of inertia of the layer under consideration; we
have for the core:
Ac =
y
core
ρc(x, y, z)
(
y2 + z2
)
dxdydz, (1)
Bc =
y
core
ρc(x, y, z)
(
x2 + z2
)
dxdydz, (2)
Cc =
y
core
ρc(x, y, z)
(
x2 + y2
)
dxdydz, (3)
and similar formulae for the shell. ρc(x, y, z) is the density of the core, (x, y, z) being the
classical writings for the cartesian coordinates, in the reference frame of the principal axes
of inertia ( ~f c1 ,
~f c2 ,
~f c3).
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2.2. Kinematic equations controlling the Euler angles
To determine the relations linking the Euler angles of a layer to the components
of the angular momentum, we have to keep in mind the geometry of the problem
(Fig.1). As explained for instance in (Fowles & Cassiday 1999), the rotation vector
~ω = ω1 ~f1 + ω2 ~f2 + ω3 ~f3 represents 3 successive rotations:
1. a rotation around the z-axis (here ~e3) of an angle h,
2. then a rotation around the new, but not final, x-axis of angle ǫ,
3. and finally a rotation around the final z-axis, i.e. ~f3, of an angle θ.
This reads mathematically:


ω1
ω2
ω3

 =


0
0
θ˙

+R3(−θ)


ǫ˙
0
0

+R3(−θ)R1(−ǫ)


0
0
h˙

 , (4)
with
R3(φ) =


cosφ − sin φ 0
sinφ cosφ 0
0 0 1

 (5)
and
R1(φ) =


1 0 0
0 cosφ − sin φ
0 sinφ cosφ

 . (6)
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This yields
ω1 = ǫ˙ cos θ + h˙ sin ǫ sin θ, (7)
ω2 = −ǫ˙ sin θ + h˙ sin ǫ cos θ, (8)
ω3 = θ˙ + h˙ cos ǫ, (9)
and
h˙ =
ω1 sin θ + ω2 cos θ
sin ǫ
, (10)
ǫ˙ = ω1 cos θ − ω2 sin θ, (11)
θ˙ = ω3 − ω1 sin θ + ω2 cos θ
tan ǫ
. (12)
The equations (10) and (12) illustrate the virtual singularity we mentioned above.
These formulae are the same as the ones present in (Black et al. 1995; Harbison et al. 2011)
but are given with a different sign in numerous other studies, e.g. (Williams et al. 2001),
probably because of a different sign convention. We now get straightforwardly:
ξ˙ = (ω1 cos θ − ω2 sin θ) sin h+ ǫ
sin ǫ
(ω1 sin θ + ω2 cos θ) cosh, (13)
η˙ = (ω1 cos θ − ω2 sin θ) cosh− ǫ
sin ǫ
(ω1 sin θ + ω2 cos θ) sin h, (14)
p˙ = ω3 + (ω1 sin θ + ω2 cos θ) tan
ǫ
2
. (15)
The virtual singularity has nearly disappeared. The only numerical problem that could
remain is due to ǫ/ sin ǫ in the Eq.(13) and (14), so we replace it by its Taylor expansion
1 + ǫ2/6 + 7ǫ4/360 for ‖ǫ‖ < 10−8.
As shown in (Baland et al. 2011), the dynamical equations reduce to
– 9 –
d
# »
Gc
dt
=
#  »
ΓcY + #»Γco + #   »Γcsh, (16)
d
# »
Gs
dt
=
#  »
ΓsY + #»Γso + #  »Γsco, (17)
the relevant torques being:
• #  »ΓcY: gravitational torque of Saturn on the core,
• #»Γco: pressure coupling of the ocean at the core-ocean boundary,
• #   »Γcsh: gravitational torque of the shell on the core,
• #  »ΓsY: gravitational torque of Saturn on the shell,
• #»Γso: pressure coupling of the ocean at the shell-ocean boundary,
• #  »Γsco: gravitational torque of the core on the shell.
Baland et al. (2011) have shown that the sum of the torques acting on the ocean is null if
the fluid is in hydrostatic equilibrium.
Since we work in the non-inertial reference frames of the principal axes of inertia of
the core ( ~f c1 ,
~f c2 ,
~f c3), and of the shell (
~f s1 ,
~f s2 ,
~f s3 ), we must add − ~ωc × ~Gc in Eq.(16) and
− ~ωs × ~Gs in Eq.(17).
We now detail the torques affecting the rotation.
2.3. The gravitational pull of Saturn
For a rigid triaxial body whose principal moments of inertia are A < B < C, the
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#»
Γ =
3GMY
‖ # »rY‖5
(
(C −B)yYzY ~f1 + (A− C)xYzY ~f2 + (B − A)xYyY ~f3
)
, (18)
where G is the gravitational constant, MY the mass of the perturber, and the vector
# »rY = xY ~f1 + yY ~f2 + zY ~f3 locates the perturber from the center of mass of the triaxial body.
In our case, this is the Titan-Saturn vector. A derivation of this torque is proposed in
(Murray & Dermott 2000), inspired from (MacMillan 1936; Ramsey 1937, 1940).
We here treat the inner core and the shell as 2 independent triaxial rigid bodies, and
we have:
#  »
ΓcY =
3GMY
‖ # »rcY‖5
(
(Cc − Bc)ycYzcY #»f c1 + (Ac − Cc)xcYzcY #»f c2 + (Bc −Ac)xcYycY #»f c3
)
, (19)
#  »
ΓsY =
3GMY
‖ # »rsY‖5
(
(Cs −Bs)ysYzsY #»f s1 + (As − Cs)xsYzsY #»f s2 + (Bs − As)xsYysY #»f s3
)
. (20)
We use the TASS1.6 ephemerides (Vienne & Duriez 1995) to express the Titan-Saturn
vector ~rY. These ephemerides are presented under a quasiperiodic form, in which every
sinusoidal contribution due to any perturber like Saturn’s oblateness or the Solar attraction
is explicitly expressed. They are given in the inertial reference frame defined by the
equatorial plane of Saturn at J2000 and the node of this plane with the ecliptic at the same
date. As an example, in this reference frame, the quantities related to the inclination of
Titan I6 and its ascending 6 (Titan is denoted as S-6 Titan) are
sin
(
I6(t)
2
)
exp (ı6(t)) = γ0 exp (ıΩ0) +
4∑
i=1
γi exp (ıΩi(t)) , (21)
the quantities γi and Ωi being given in the Tab.3.
Similar tables exist for the mean motion, the mean longitude, and the quantity relevant
to the eccentricity e6 and the longitude of the pericenter ̟6, i.e. z6 = e6 exp (ı̟6).
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The TASS1.6 ephemerides are probably not the most accurate we could get, but they
have the huge advantage of being presented in a quasiperiodic form giving explicitly the
different contributions affecting Titan’s orbit. From the periods of the sinusoidal quantities
indexed from 1 to 4 in the Eq.(21) and the Tab.3, we can say that i = 1 corresponds to the
motion of the ascending node induced by the oblateness of Saturn, i = 2 is a perturbation
by Iapetus, and i = 3, 4 correspond to the Solar orbital perturbation, the orbital period of
Saturn around the Sun being 29.46 years. It is impossible to have such a decomposition
with the JPL HORIZON ephemerides since they are given over a too short timespan
(≈ 400 years) with respect to the relevant periods. This is why we choose to use TASS1.6,
Baland et al. (2011) having made the same choice.
The choice of the reference frame is not straightforward. To get an obliquity having
a straightforward physical meaning, it is often advisable to use the Laplace Plane, that
minimizes the variations of the inclination. Unfortunately, there are in the literature several
inconsistent definitions of the Laplace Plane, since there are several ways to minimize the
variations of the inclination (over which time interval should we minimize? how do we
measure the variations of the inclination?. . . ). Noyelles (2009) suggests using the constant
term in the quasiperiodic decomposition of the inclination to define the inertial reference
frame. This is a kind of averaging of the orbital plane, that is very close to the Laplace
Plane. In particular, this choice avoids a problem of apparent erratic behavior of the
rotation pole that could happen for a satellite orbiting far off its parent planet, when the
rings’ plane is chosen as the reference plane. The reason is that these satellites usually have
a significantly inclined orbit because of the Solar perturbation.
This is why our reference frame is obtained from the reference frame of the ephemerides
after 2 rotations: a R3 rotation of 184.578
◦, and a R1 rotation of 0.642
◦, these numbers
being derived from the line i
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rotations is just to drop γ0 exp (ıΩ0) from Eq.(21).
After a straightforward calculation we get from TASS1.6 the Titan-Saturn vector ~r0 in
the inertial reference frame that we just defined, and then the vector
#   »
rc,sY after 3 rotations
of the Euler angles:
# »
rcY = R3(−θc)R1(−ǫc)R3(−hc)~r0, (22)
# »
rsY = R3(−θs)R1(−ǫs)R3(−hs)~r0. (23)
At this time we can simulate the rotation of the inner core and the rigid shell as two
independent rigid bodies. We successfully checked our code in comparing with the results
given by the numerical code based on an Hamiltonian formalism that we used in several
previous studies (Noyelles et al. 2008; Noyelles 2009, 2010; Noyelles et al. 2011).
2.4. The gravitational coupling between the inner core and the shell
This subsection is based on Szeto & Xu (1997), in which the gravitational coupling
between the shell and the core of the Earth is estimated. This gravitational coupling is due
to the misalignment of the principal axes of inertia of these 2 layers. We now need to be
more specific as to their structure:
• The inner core is a triaxial ellipsoid with a constant density ρc, its radii being denoted
cc < bc < ac. Its surface is the core-ocean boundary.
• The shell (or crust) has a constant density ρs as well. Its shape can be described by
two concentric and coaxial triaxial ellipsoids. The radii of the outer one are denoted
c < b < a, they correspond to the observed shape of Titan (Zebker et al. 2009), while
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the inner one is aligned with the outer one, its radii are denoted co < bo < ao. This
inner edge of the crust is the shell-ocean boundary. It is important to define ao,bo,co
as well as a,b and c to allow for the possibility of lateral shell thickness variations,
which Nimmo & Bills (2010) argued are likely to exist.
Following Szeto & Xu (1997), the gravitational torque acting on the inner core due to
the shell reads:
#   »
Γcsh =
y
core
ρc~r × ~∇ΦdV, (24)
where ~r points in this subsection to the position of a mass element of the core, and Φ is the
potential of the shell given by (Szeto & Xu 1997):
Φ = α + βr2P2 (cosψ) + γr
2P 22 (cosψ) cos 2φ+O(f 21,2, κ21,2), (25)
where
• α is a constant that does not affect the result,
• β = 4π
15
Gρs (κ2 − κ1 − 2(f2 − f1)),
• γ = 2π
15
Gρs(κ2 − κ1),
• f1 = (ao − co)/ao is the polar flattening of the shell-ocean boundary,
• f2 = (a− c)/a is the polar flattening of the surface of Titan,
• κ1 = (ao − bo)/ao is the equatorial ellipticy of the shell-ocean boundary,
• κ2 = (a− b)/a is the equatorial ellipticity of the surface of Titan,
• P2(x) = (3x2 − 1)/2 is a Legendre polynomial,
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• P 22 (x) = 3(1− x2) is a Legendre associated function,
• ψ and φ are respectively the colatitude and the east longitude of the mass element
involved, in the reference frame of the principal axes of inertia of the shell
(
#»
f s1 ,
#»
f s2 ,
#»
f s3
)
.
After some algebra (see App.A) we get
#   »
Γcsh = 3β


n2n3(C
c −Bc) #»f c1
−n1n3(Cc − Ac) #»f c2
n1n2(B
c −Ac) #»f c3

+ 6γ


(l2l3 −m2m3)(Cc − Bc) #»f c1
−(l1l3 −m1m3)(Cc − Ac) #»f c2
(l1l2 −m1m2)(Bc − Ac) #»f c3

 , (26)
where li, mi and ni (i = 1, 2, 3) are the elements of the transition matrix between the
coordinates in the reference frame of the shell (X, Y, Z) and the ones in the reference frame
of the core (x, y, z), i.e.


X
Y
Z

 =


l1 l2 l3
m1 m2 m3
n1 n2 n3




x
y
z

 . (27)
An analogous calculation gives us the torque of the inner core acting on the shell:
#  »
Γsco = −3β


n2n3(C
c −Bc) #»f s1
−n1n3(Cs −Ac) #»f s2
n1n2(B
c − Ac) #»f s3

− 6γ


(l2l3 −m2m3)(Cc − Bc) #»f s1
−(l1l3 −m1m3)(Cc − Ac) #»f s2
(l1l2 −m1m2)(Bc − Ac) #»f s3

 . (28)
2.5. Influence of the ocean
Baland et al. (2011) have shown that if the ocean is in hydrostatic equilibrium, then
the pressure torque can be expressed as additional terms in the gravitational torques acting
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on the two rigid layers. We can split the ocean into two parts: a top and a bottom one,
their boundary being spherical. The resulting pressure torque integrated over a spherical
boundary is null, so the radius of this sphere has no influence on the results (an outcome
we verified numerically).
We call Aot , B
o
t , C
o
t , A
o
b , B
o
b and C
o
b the principal moments of inertia, respectively of
the top ocean in the reference frame of the shell (
#»
f s1 ,
#»
f s2 ,
#»
f s3 ) and of the bottom ocean in the
reference frame of the core (
#»
f c1 ,
#»
f c2 ,
#»
f c3). Instead of writing the contribution of the ocean as
independent torques
#»
Γco and
#»
Γso, it is more appropriate to alter the other torques as
#   »
Γc,oY ,
#    »
Γs,oY ,
#   »
Γc,osh , and
#    »
Γs,oco . And we have:
#   »
Γc,oY =
3GMY
‖ # »rcY‖5
((Cc −Bc + Cob −Bob )ycYzcY #»f c1 + (Ac − Cc + Aob − Cob )xcYzcY #»f c2
+(Bc − Ac +Bob − Aob)xcYycY #»f c3),
(29)
#    »
Γs,oY =
3GMY
‖ # »rsY‖5
((Cs −Bs + Cot −Bot )ysYzsY #»f s1 + (As − Cs + Aot − Cot )xsYzsY #»f s2
+(Bs − As +Bot − Aot )xsYysY #»f s3 ),
(30)
#   »
Γc,osh =


(3βon2n3 + 6γ
o(l2l3 −m2m3)) (Cc − Bc + Cob − Bob )
#»
f c1
− (3βon1n3 + 6γo(l1l3 −m1m3)) (Cc − Ac + Cob − Aob)
#»
f c2
(3βon1n2 + 6γ
o(l1l2 −m1m2)) (Bc − Ac +Bob − Aob)
#»
f c3

 , (31)
and
#    »
Γs,oco =


− (3βon2n3 + 6γo(l2l3 −m2m3)) (Cc − Bc + Cob − Bob )
#»
f s1
(3βon1n3 + 6γ
o(l1l3 −m1m3)) (Cc − Ac + Cob − Aob)
#»
f s2
− (3βon1n2 + 6γo(l1l2 −m1m2)) (Bc − Ac +Bob − Aob)
#»
f s3

 , (32)
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with
βo =
4π
15
G (ρs (κ2 − κ1 − 2(f2 − f1)) + ρo (κ1 − 2f1)) , (33)
γo =
2π
15
G (ρs(κ2 − κ1) + ρoκ1) , (34)
ρo being the constant density of the ocean.
We have now the whole equations of the problem, consisting of 12 variables ξc, ηc, pc,
ωc1, ω
c
2, ω
c
3, ξ
s, ηs, ps, ωs1, ω
s
2, ω
s
3, the first 6 describing the orientation of the core, and the
last 6 the orientation of the shell. The components of the rotation vector ~ω in the reference
frame of the principal axes of inertia of the considered layer are obtained from the angular
momentun ~G and division by the appropriate moment of inertia.
As a summary, we here gather these equations. We have:
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dξc
dt
= (ωc1 cos θ
c − ωc2 sin θc) sin hc +
ǫc
sin ǫc
(ωc1 sin θ
c + ωc2 cos θ
c) coshc, (35)
dηc
dt
= (ωc1 cos θ
c − ωc2 sin θc) coshc −
ǫc
sin ǫc
(ωc1 sin θ
c + ωc2 cos θ
c) sin hc, (36)
dpc
dt
= ωc3 + (ω
c
1 sin θ
c + ωc2 cos θ
c) tan
ǫc
2
, (37)
dωc1
dt
= (3βon2n3 + 6 (l2l3 −m2m3)) C
c − Bc + Cob − Bob
Ac
+ 3
GMY
|| # »rcY||5
Cc − Bc + Cob − Bob
Ac
ycYzcY −
(
~ωc × ~Gc
)
· #»f c1
Ac
, (38)
dωc2
dt
= − (3βon1n3 + 6 (l1l3 −m1m3)) C
c − Ac + Cob − Aob
Bc
+ 3
GMY
|| # »rcY||5
Ac − Cc + Aob − Cob
Bc
xcYzcY −
(
~ωc × ~Gc
)
· #»f c2
Bc
, (39)
dωc3
dt
= (3βon1n2 + 6 (l1l2 −m1m2)) B
c − Ac +Bob − Aob
Cc
+ 3
GMY
|| # »rcY||5
Bc − Ac +Bob − Aob
Cc
xcYycY −
(
~ωc × ~Gc
)
· #»f c3
Cc
(40)
for the core, and
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dξs
dt
= (ωs1 cos θ
s − ωs2 sin θs) sin hs +
ǫs
sin ǫs
(ωs1 sin θ
s + ωs2 cos θ
s) coshs, (41)
dηs
dt
= (ωs1 cos θ
s − ωs2 sin θs) coshs −
ǫs
sin ǫs
(ωs1 sin θ
s + ωs2 cos θ
s) sin hs, (42)
dps
dt
= ωs3 + (ω
s
1 sin θ
s + ωs2 cos θ
s) tan
ǫs
2
, (43)
dωs1
dt
= − (3βon2n3 + 6 (l2l3 −m2m3)) C
c − Bc + Cob − Bob
As
+ 3
GMY
|| # »rsY||5
Cs − Bs + Cot − Bot
As
ysYzsY −
(
~ωs × ~Gs
)
· #»f s1
As
, (44)
dωs2
dt
= (3βon1n3 + 6 (l1l3 −m1m3)) C
c − Ac + Cob − Aob
Bs
+ 3
GMY
|| # »rsY||5
As − Cs + Aot − Cot
Bs
xsYzsY −
(
~ωs × ~Gs
)
· #»f s2
Bs
, (45)
dωs3
dt
= − (3βon1n2 + 6 (l1l2 −m1m2)) B
c −Ac +Bob −Aob
Cs
+ 3
GMY
|| # »rsY||5
Bs −As +Bot −Aot
Cs
xsYysY −
(
~ωs × ~Gs
)
· #»f s3
Cs
(46)
for the shell.
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Table 2: The 2 solutions for the gravity field of Titan (Iess et al. 2010). SOL1 is a single
multiarc solution obtained from 4 flybys of Cassini dedicated to the determination of the
gravity field, while SOL2 is a more general approach, in which all available radiometric track-
ing and optical navigation imaging data from the Pioneer and Voyager Saturn encounters
and astronomical observations of Saturn and its satellites are considered. The uncertainties
correspond to 1σ. The global solution SOL2 could be consistent with the hydrostatic equi-
librium (J2/C22 ≈ 10/3), but the shape is not (Zebker et al. 2009). In our study of a triaxial
Titan, the only coefficients we use are GM6, J2 and C22.
SOL1 SOL2
GM6 – 8978.1394 km3.s−2
J2 (3.1808± 0.0404)× 10−5 (3.3462± 0.0632)× 10−5
C21 (3.38± 3.50)× 10−7 (4.8± 11.5)× 10−8
S21 (−3.52± 4.38)× 10−7 (6.20± 4.96)× 10−7
C22 (9.983± 0.039)× 10−6 (1.0022± 0.0071)× 10−5
S22 (2.17± 0.41)× 10−7 (2.56± 0.72)× 10−7
J3 (−1.879± 1.019)× 10−6 (−7.4± 105.1)× 10−8
C31 (1.058± 0.260)× 10−6 (1.805± 0.297)× 10−6
S31 (5.09± 2.02)× 10−7 (2.83± 3.54)× 10−7
C32 (3.64± 1.13)× 10−7 (1.36± 1.58)× 10−7
S32 (3.47± 0.80)× 10−7 (1.59± 1.05)× 10−7
C33 (−1.99± 0.09)× 10−7 (−1.85± 0.12)× 10−7
S33 (−1.71± 0.15)× 10−7 (−1.49± 0.16)× 10−7
J2/C22 3.186± 0.042 3.339± 0.067
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Fig. 1.— Euler angles (h, ǫ, θ) giving the orientation of the principal axes of inertia (~f1, ~f2, ~f3)
of a rigid layer (inner core or shell) with respect to the inertial reference frame (~e1, ~e2, ~e3).
These quantities should be written with a superscript c or s, i.e. either hc or hs whether
they are related to the inner core or to the shell. The dashed line is the intersection between
the inertial reference plane (~e1, ~e2) and the equatorial plane of the core or shell (~f1, ~f2).
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Table 3: Relevant quantities for the orbital inclination and ascending node of Titan, repro-
duced from (Vienne & Duriez 1995). These numbers are to be used into the Eq.21. The
time origin is here J2000.
i Amplitude Phase dΩi/dt Period
γi Ωi(t = 0) (rad/y) (years)
0 5.6024× 10−3 184.578◦ 0 –
1 2.7899× 10−3 −14.731◦ −8.93124× 10−3 703.51
2 1.312× 10−4 −73.192◦ −1.92554× 10−3 3263.07
3 1.126× 10−4 117.445◦ 0.42659824 14.73
4 1.92× 10−5 47.498◦ −0.21329912 29.46
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3. A numerical solution
A numerical solution of the equations (35) to (46) is here appropriate since we want to
include complete ephemerides and 6 dynamical degrees of freedom.
3.1. Numerical integration of the equations
The numerical integrations are performed with the Adams-Bashforth-Moulton 10th
order predictor corrector integrator (see e.g. (Hairer et al. 2003)), with a tolerance of 10−14
and a step size of 0.2 day. This corresponds to ≈ 1/80 of the orbital period of Titan.
The rotation of Titan is expected to be at a dynamical equilibrium. Such equilibriums
are known as Cassini States (Cassini 1693; Colombo 1966; Peale 1969) for rigid bodies. The
expected state for the natural satellites of the giant planets is Cassini State 1 since it is the
most stable. In our case of a 3-layer Titan, we initially assume an analogous state in which
the inner core and the crust are close to the location of Cassini State 1 if they were only
interacting with Saturn. This state corresponds to a synchronous rotation, a small obliquity
and a small polar motion. As a consequence, the angular momentum of the shell and the
core should approximate
# »
Gs ≈ n6Cs #»f s3 and
# »
Gc ≈ n6Cc #»f c3 where n6 is the mean motion, or
orbital frequency, of Titan, and the spin angles of the core pc and of the shell ps should be
always close to the orbital mean longitude of Titan λ6.
Because of the effects that are neglected in the theory of the Cassini States, especially
the couplings between the different layers and the perturbations considered in the orbital
motion of Titan, it is very difficult to derive analytically the optimal initial conditions for
the Euler angles and the rotation vector. In practice, our initial conditions are usually
close enough to the optimum state that oscillations round the equilibrium result, these free
oscillations having an arbitrary amplitude due to the choice of the initial conditions, and a
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proper frequency whose value depends on the parameters of the system, here the interior
of Titan. These free oscillations pollute the analysis of the solutions in acting as a noise,
for this reason we wish their amplitude to be as small as possible. For that, we refine
numerically the initial conditions thanks to an iterative algorithm based on the frequency
analysis.
The basic idea is that since the orbital motion of Titan can be given under a
quasiperiodic form, and that the rotation of Titan is not expected to be chaotic, then this
rotation can be expressed under a quasiperiodic form as well. A complex variable x(t) of
the problem that does not diverge can read as a sum of a converging trigonometric series
like
x(t) =
∞∑
n=0
An exp (ıνnt) , (47)
where An are constant complex amplitudes, and νn constant frequencies, with
x(t) ≈
N∑
n=0
A•n exp (ıν
•
nt) , (48)
the bullet meaning that the coefficients have been numerically determined. A detailed
description of the algorithm is given in Appendix B. In the case of a real variable, Eq.48
becomes
x(t) ≈
N∑
n=0
A•n cos (ν
•
nt+ φ
•
n) , (49)
or
x(t) ≈
N∑
n=0
A•n sin (ν
•
nt + φ
•
n) , (50)
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where the amplitudes are now real, and the φ•n are real phases, previously included in the
complex amplitudes in Eq.48.
The frequency analysis algorithm we use is based on NAFF (see (Laskar 1993) for
the method, and (Laskar 2005) for the convergence proofs), with a refinement suggested
by (Champenois 1998) consisting in iterating the process to improve the accuracy of the
determination. The frequencies νn have 2 origins: they might be either forcing frequencies,
present in the orbital motion of Titan, or free frequencies, due to the departure from the
exact equilibrium. The amplitude associated with the latter should be as small as possible.
To get the appropriate initial conditions we use an iterative algorithm (Noyelles et al. 2014),
consisting in:
1. A first numerical integration of the equations of the system, with initial conditions
conveniently chosen,
2. Frequency analysis of the solution and identification of the contributions depending
on the free modes,
3. Evaluation of the free modes at the origin time of the numerical simulation, and
removal from the initial conditions,
then the process is iterated until convergence. This algorithm has already been successfully
applied in problem of rotational dynamics (Dufey et al. 2009; Noyelles 2009; Robutel et al.
2011), in dynamics of exoplanetary systems (Couetdic et al. 2010), and in the analysis of
ground-track resonances around Vesta (Delsate 2011).
We know of at least 3 alternative methods to reduce the amplitude of the free librations:
• Bois & Rambaux (2007) propose to fit the mean initial conditions in order to locate
the spin-orbit system at its center of libration,
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• Peale et al. (2007) add a damping in the equations that reduces the amplitude of
the free librations. The damping must be slow enough, i.e. adiabatic, to not alter
significantly the location of the equilibrium,
• Yseboodt & Margot (2006), in the framework of a numerical integration of the spin
and of the orbit of Mercury, start from a simple Sun-Mercury system in which the
equilibrium is very easy to determine analytically, and slowly switch on the planetary
perturbations in order to create an adiabatic devitation of the equilibrium without
creation of any free libration. In our case, this would require us to simultaneously
integrate the orbit of Titan, rather than use the existing ephemerides.
All of these methods, including ours, give accurate results when appropriately used.
In this study, we simulated the rotation of thousands of model Titans (see Sec.4) and
did not refine the initial conditions for all of them. In practice, we did it for just a few of
them, and got initial conditions that we considered to be good enough for the remainder.
3.2. Outputs
Our set of variables describes all the dynamical degrees of freedom of the core and the
shell, so we are able to express any observable of the rotation. Our outputs are, for these
two rigid layers:
• the longitudinal librations,
• the obliquity,
• and the polar motion.
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The longitudinal librations of the shell are usually considered as the most significant
output since they can reveal a global fluid layer (Van Hoolst et al. 2008). There are at
least two ways to define them: the tidal librations and the physical librations. The tidal
librations ψs,c represent the longitudinal misalignment between the directions of the long
axis of the layer under consideration (the shell or the core) and the Saturn-Titan direction.
The physical significance of these librations is that they control the amount of tidal stress
and heating arising. They are given by
ψs = ~t · ~f s1 , (51)
ψc = ~t · ~f c1 , (52)
where ~t is the unit vector tangent to the trajectory of Titan around Saturn:
~t =
~n× ~x
||~n× ~x|| , (53)
and ~n the unit vector normal to the orbit:
~n =
~x× ~v
||~x× ~v|| , (54)
~x and ~v being respectively the position vector of Titan, and ~v its velocity.
The physical librations γs,c are the librations about the exact synchronous rotation.
We derived them from the variable ps,c−n6t, this is a very good approximation if the angles
ǫs,c are small, i.e. if the two angles hs and θs constituting ps, respectively hc and θc for
pc, are nearly coplanar. In practice, the angles ǫs and ǫc are always smaller than 1 degree.
They also correspond, up to the first order in eccentricity, to the librations of the long axis
of the considered layer with the direction of the empty focus of the orbit of Titan.
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The difference between the tidal and the physical librations are known as optical
librations, their amplitude is twice the eccentricity e6 and is just a signature of the orbital
motion, not of the interior of the body. In practice, the tidal librations are dominated by
the optical librations. This is why the physical librations are usually preferred to the tidal
ones, their amplitude is roughly proportional to the difference of the moments of inertia
(B-A) for rigid bodies.
In the case of Titan, longitudinal librations have not so far been detected, although
analysis of Cassini radar images may ultimately make this possible (Bills et al. 2013, e.g.).
The obliquity of the shell Ks (respectively of the core Kc) is defined as the angle
between the normale to the orbit ~n and the angular momentum of the shell
# »
Gs (respectively
of the core
# »
Gc). Since an obliquity belongs to the range [0◦-180◦], we can define it with its
cosine and we have:
Ks = arccos
(
~n · # »Gs
|| # »Gs||
)
, (55)
Kc = arccos
(
~n · # »Gc
|| # »Gc||
)
. (56)
Cassini measured an obliquity of the shell of 0.31◦± 0.05◦, i.e. (18.6± 3) arcmin at the
mean date March 11th, 2007 (Meriggiola & Iess 2012).
The polar motion is a priori expected to be very small and is often neglected. We did
include polar motion in our numerical simulations for completeness, and in case resonances
or nonlinearities in the rotational dynamics resulted in large polar motion, as suggested for
a rigid Titan by (Noyelles 2008), and for a Titan with a thin shell and a strong atmospheric
torque in (Tokano et al. 2011). However, in every simulation polar motion remained very
small.
– 28 –
4. Possible interiors of Titan
The goal of this section is to build realistic models for Titan, that will give us the
interior parameters we need in our numerical code, i.e. the density and the 3 outer radii
of the inner core, the ocean and the shell. The three external radii of the shell are known
thanks to Cassini observations (Zebker et al. 2009). To build our Titans, our algorithm
consists of 3 steps:
1. Elaboration of hydrostatic Titans. The choice of this starting point comes from the
observations that the gravity field of Titan is not far from a hydrostatic one,
2. Modification of the hydrostatic state by including shell thickness variations, imposed
at either the surface (top loading) or at the ocean-shell boundary (bottom loading),
3. Comparison with the gravity field. Only model Titans for which the gravity field is
consistent with the observations are retained.
For each model Titan, we set the densities of the shell ρs and of the ocean ρo, and
the mean thicknesses of the shell ds and of the ocean do. The size and density of the core
can then be deduced, the mean density of Titan being ρ6 = 1881 kg/m
3 (Iess et al. 2010).
Note that in our approach the core can potentially include high-pressure phases of ice; the
importance of the core is that it represents the base of the decoupling ocean. The range of
internal parameters we consider are:
• ds between 50 and 200 km,
• do between 50 and 400− ds km,
• ρs between 900 and 950 kg/m3,
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• ρo between 950 and 1200 kg/m3.
The range of possible densities for the ocean comes from Fortes (2012). The limit
of the depth of the core-ocean interface comes from the condition of existence of a liquid
ocean with respect to the temperature and the pressure, see the phase diagram of water
ice (Sotin et al. 2010) and of an ammonia-water ocean (Sohl et al. 2003). Even for a warm
ocean (270 K), the pressure at the base of the ocean should be smaller than 0.6 GPa, which
corresponds to a depth of about 450 km. Since ammonia is likely to be present, 270 K is
likely an overestimate, so we consider that 400 km is a reasonable limit for the depth of the
core-ocean boundary.
We here build initially hydrostatic Titans, following a method described in
Van Hoolst et al. (2008). A body in hydrostatic equilibrium has a shape corresponding to
a balance between its own gravity, its rotation and the tidal deformation. Its surface is an
equipotential, and the 2 boundaries between the different layers are equipotential as well.
We consider that the mean radius R = 2574.73 km and the along-orbit equatorial radius
b = 2574.78 km are known. We then obtain from the Radau equation (see e.g. (Jeffreys
1952)):
h2 =
5
1 +
(
5
2
− 15
4
C
M6R2
)2 , (57)
q =
n26R
3
GM6 , (58)
c˜ = b− h2
2
qR, (59)
a˜ = b+
3
2
qh2R, (60)
where h2 is the second-order fluid Love number related to the radial displacement.
a˜ and c˜ are radii of this hydrostatic Titan, they should be very close to a and c.
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q = 3.95428 × 10−5 quantifies the relative influence between the rotation of Titan
and its own gravity. C = Cs + Co + Cc is the polar moment of inertia of the
whole Titan. In the Eq.(57), C/(M6R
2) is in fact used as an approximation of
I/(M6R
2) = (A+B +C)/(3M6R
2) = C/(M6R
2)− 2J2/3. At this stage, the shape of Titan
is unknown, so we neglect J2 and we estimate C from the mean radius R and the mean
thicknesses of the shell ds and the ocean do, i.e.
C ≈ 8π
15
(
(ρc − ρo) (R− ds − do)5 + (ρo − ρs) (R− ds)5 + ρsR5
)
. (61)
The Radau equation comes from the solution of the Clairaut equation that gives the
flattening α = (a+ b− 2c)/(a+ b) of the equipotential surface at any radius r:
d2α
dr2
+
6
r
ρ
ρ¯
− 6
r2
(
1− ρ
ρ¯
)
α = 0, (62)
dα
dr
(R) =
1
R
[
25
4
q − 2α(R)
]
, (63)
α(R) =
a˜+ b− 2c˜
a˜+ b
. (64)
The initial condition (63) is not the classical one given in the Clairaut theory where 25/4
should be replaced by 5/2, because it considers the deformations due to the rotation, and
the tides. Moreover, we have β = 6α/5 = (a˜ − b)/a˜ at any radial distance r. This can
be easily seen at r = R. From the classical relation (a˜ − c˜) = 4(b − c˜) for hydrostatic
synchronous bodies, we have straightforwardly α = 5/3× (a˜− b)/(a˜ + b) ≈ 5β/6. A more
rigorous proof, valid at any radial distance r, can be found in (Van Hoolst et al. 2008). We
then get the three radii of the core-ocean and of the ocean-shell boundaries.
These hydrostatic Titans do not correspond to the real one. In particular, the two
model external radii a˜ and c˜ are not consistent with the observations. We solve this problem
– 31 –
by introducing a topographic anomaly at the surface ht:
ht(ψ, φ) = ht1Y20(ψ) + ht2Y22(ψ, φ) (65)
where Y20 and Y22 are the classical second-degree spherical harmonics defined by:
Ylm(ψ, φ) =
√
(2− δ0m) (2l + 1)(l −m)!
(l +m)!
Plm(cosψ)) cosmφ (66)
for m > 0. Pl0 are the Legendre polynomials and Plm the associated Legendre functions for
m 6= 0 already defined in Subs.2.4. Eq.(65) becomes
ht(ψ, φ) =
√
5
2
ht1
(
3 cos2 ψ − 1)+ 3
√
5
12
ht2 sin
2 ψ cos 2φ. (67)
We now set ∆a = a − a˜ and ∆c = c − c˜ the two radial anomalies corresponding
respectively to (ψ = kπ) and (ψ = kπ, φ = 2k′π), where k and k′ are integers. We have:
∆c =
√
5ht1, (68)
∆a = −
√
5
2
ht1 + 3
√
5
12
ht2, (69)
from which we deduce ht1 and ht2.
It follows from the definition of the spherical harmonics that the radius b is altered as
well. For this reason, we need to iterate the process in correcting the initial value of b, so
that the surface of our model Titan has the correct radii a, b and c at the end.
As suggested by Nimmo & Bills (2010); Hemingway et al. (2013), the topographic
anomaly could be caused by variations of the thickness of the ice shell and partial or
complete isostatic compensation (see e.g.(Watts 2001)). So, there should be a corresponding
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bottom anomaly hb altering the shape of the ocean-shell boundary following the same
spherical harmonics, i.e.
hb(ψ, φ) = hb1Y20(ψ) + hb2Y22(ψ, φ). (70)
It is useful to distinguish between a load applied at the surface of Titan (top loading)
and a load applied at the ocean-shell boundary (bottom loading). Top loading results in
bottom topography hb given by:
hb = fht
(
R
R− ds
)2
ρs
ρo − ρs , (71)
while bottom loading gives the following surface topography:
ht = fhb
(
R− ds
R
)2
ρo − ρs
ρs
. (72)
Here f ∈ [0; 1] is the compensation factor. f = 0 means that there is no compensation,
the shell is perfectly rigid, and loading does not cause any deformation of the shell.
Contrariwise, f = 1 means full compensation, so that the top- and bottom-loading cases
are indistinguishable.
Once these model Titans have been computed, their second-degree gravity fields are
calculated and only the ones consistent with the gravity solutions SOL1 or SOL2 are kept.
Because the degree-3 gravity, not modelled here but treated in detail by Hemingway et al.
(2013), is more consistent with bottom loading than with top loading, we focus more on
the former. The only acceptable solutions we get with top loading lie between the 2σ and
3σ limits for SOL2. They are not displayed here since they cannot explain the observations
(see Sect.5).
– 33 –
Fig. 2 shows some properties of our model Titans. We can see in particular that the
gravity field constrains the degree-two compensation factor f to a range roughly 0.75-0.95,
very similar to the results obtained by Hemingway et al. (2013). In other words, the
bottom load is mostly but not entirely compensated. The differences between the maximum
and minimum thickness of the shell are shown in Fig.3. They can reach 38 km when the
densities of the core and of the shell are very close, while they do not exceed 60 meters
when Titan is in hydrostatic equilibrium.
We note that our approach assumes that all the non-hydrostatic effects are contained
within the ice shell, i.e. the core is hydrostatic. This assumption can be justified based
on the strong observed correlation at degree-3 between the shell surface topography and
the gravity (Hemingway et al. 2013); a low-rigidity (and likely hydrostatic) core is also
indicated by the large tidal response of Titan (Iess et al. 2012).
Fig. 2.— Properties of our model Titans, complying with the 2 possible gravity fields SOL1
(multi-arc) and SOL2 (global), at 1σ (blue), 2σ (green) and 3σ (red). These 2 plots have
been obtained assuming bottom loading. We can see in particular that SOL1 suggests a
compensation factor between 75 and 88%, while SOL2 suggests between 80 and 96% at 1σ.
The left panel also shows 13 model Titans that will be used later to simulate the behavior
of the obliquity.
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EDITOR: PLACE FIGURE 2 HERE.
Fig. 3.— Thickness variations of the shell of our Titans. Here only the 1σ solutions are
displayed, the results being not significantly different when extended to 3σ.
EDITOR: PLACE FIGURE 3 HERE.
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5. Results
We here present the results of the numerical simulations of the rotational dynamics of
Titan for 71,046 interior models, 20,526 consistent with SOL1 (2,237 of them at 1σ) and
50,500 with SOL2 (2,681 of them at 1σ).
5.1. Longitudinal librations
We here show the amplitude of the physical longitudinal librations γs,c at the orbital
frequency. This amplitude is denoted gs for the shell (Fig.4) and gc for the core. These
amplitudes have been obtained numerically, but they are in very good agreement with the
ones given by the analytical formulae (see Appendix C).
Fig. 4.— Longitudinal librations of the shell.
EDITOR: PLACE FIGURE 4 HERE.
We get an amplitude of libration gs that can reach 600 meters for a thin shell.
One important caveat here is that we are neglecting the rigidity of the ice shell, which
tends to oppose librational motion (Goldreich & Mitchell 2010), and which in the case of
Titan is thought to be large (Hemingway et al. 2013). When elasticity is considered, the
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amplitude of libration could be 10 times smaller (Van Hoolst et al. 2013; Richard et al.
2014); (Jara-Orue´ & Vermeersen 2014) have found a similar result for Europa.
Van Hoolst et al. (2009) have shown that when the atmospheric torque was considered,
then the main librations were the semi-annual, with a period of 14.29 years. That study
used the atmospheric torque published by (Tokano & Neubauer 2005). (Richard et al.
2014) have shown that using the global climate model of (Lebonnois et al. 2012) gives a
smaller amplitude. We here do not consider the atmospheric torque and do not detect a
significant 14.29-y periodic oscillation.
For the core, we predict a much smaller amplitude of libration, between 2.1 and 2.6
arcmin. The two periods of free librations associated are respectively between 200 and 400
days, and between 2.5 and 2.7 years. These periods do not allow any resonance with forcing
frequencies, and so the libration amplitudes are not raised.
5.2. A resonant obliquity of the shell
The obliquity of the shell is the only rotational quantity that has been measured,
beside the spin rate. Its value of 0.31◦ ± 0.05◦ (Meriggiola & Iess 2012) is surprisingly high
(see Sec.1). To the best of our knowledge, the only satisfying explanation present in the
literature (Baland et al. 2011) is a resonance between the free librations of the obliquity
and a forced oscillation due to either the Solar gravitational perturbation of 29.46 years or
the regression of Titan’s ascending node around Saturn, the period associated being 703.51
years. A resonance is usually a strong phenomenon, that is efficient over a limited range of
parameters. An issue is the probability that Titan be affected by such a resonance.
EDITOR: PLACE FIGURE 5 HERE.
– 37 –
Fig. 5.— Influence of the thickness of the shell on its obliquity.
EDITOR: PLACE FIGURE 6 HERE.
Figs.5 and 6 show the mean obliquity of the shell with respect to the mean thickness
of the shell and the ocean. We plot here the results for model Titans with a gravity field
within the 1 − σ limit of the measured one, and within the 3 − σ limit. We can see two
regimes for the obliquity. Most of the solutions lie on a nearly constant line, indicating an
obliquity between 3 and 4.2 arcmin. This is the obliquity given by the classical theory of a
rigid body in a secular regime. These numbers are too small with respect to the measured
one, i.e. ≈ 18 arcmin. However, another regime with much higher obliquities can be seen,
for thicknesses of the shell and of the ocean of ≈ 130 and ≈ 270 km for SOL1, and ≈ 140
and ≈ 260 km for SOL2. Since a resonance is suspected, we determine the periods of the
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Fig. 6.— Influence of the thickness of the ocean on the obliquity of the shell.
free oscillations associated with the obliquity.
In adapting a result by Baland et al. (2011), the frequencies of these free librations σ3
and σ4 are:
σ3 = −Z +
√
∆
2CcCs
, (73)
σ4 = −Z −
√
∆
2CcCs
, (74)
with
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Z = K(Cc + Cs)− Csκc − Ccκs, (75)
∆ = −4CcCs (κcκs −K (κc + κs)) + Z2, (76)
K =
3βo
n6
(Cc −Ac + Cob −Aob) , (77)
κs =
3n6
2
(Cs − As + Cot − Aot ) , (78)
κc =
3n6
2
(Cc − Ac + Cob − Aob) . (79)
The periods associated, i.e. T3 = 2π/σ3 and T4 = 2π/σ4, are respectively between 200
and 260 years, and between 10 and 55 years. The range 200-260 years does not correspond
to any obvious forcing, while the annual forcing, 29.46-yr periodic, can resonate with σ4.
Figure 7 shows the mean obliquity vs. T4.
Fig. 7.— The resonance raising the obliquity of Titan. In the resonance, the averaging lacks
reliability since the free oscillations are tricky to remove. The information to keep in mind
is that in the resonance, the obliquity of the shell is likely to be much bigger than suggested
by the secular behavior out of the resonance.
EDITOR: PLACE FIGURE 7 HERE.
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The correlation between the obliquity and the resonance with the 29.46-yr periodic
annual forcing is obvious. From the value of T4, we estimate that 2,202 model Titans out of
20,546 for SOL1, i.e. 10.73%, are affected, and 6,540 out of 50,500 for SOL2, i.e. 12.95%,
within the 3− σ limit. If we restrict to the 1− σ limit, then we have 234 model Titans over
2,237 for SOL1, i.e. 10.46%, and 354 over 2,665 for SOL2, i.e. 13.28%.
When a trajectory is resonant, getting rid of the free librations is very tricky and
nearly impossible when working on a whole set of trajectories as we do in this Section. So,
the numbers for the mean obliquity of the shell given in Fig.5 to 7 should not be considered
as accurate in the resonant regime. The take-home message is that the resonance can raise
the obliquity of these Titans to numbers bigger than the measured value. We will simulate
some individual trajectories in Section 6.
5.3. Polar motion
We check the amplitude of the polar motion, often supposed to be small. Actually it
is, the maximum amplitude being 3.5 km for the shell and 4.5 km for the core. Most of the
trajectories have a polar motion much smaller than that.
6. Simulating the obliquity of the real Titan
The resonant obliquity of Titan’s shell is highly sensitive to one frequency of the free
oscillations of the obliquity, σ4, itself dependent on the interior structure. For this reason,
we propose here to build a synthetic representation of the obliquity of the shell with respect
to the relevant frequency. This obliquity is given as a sum of a time series composed of
trigonometric terms with numerical amplitudes. Using a synthetic theory to express the
obliquity of a celestial body has already been done for Mercury (Noyelles & D’Hoedt 2012;
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Noyelles & Lhotka 2013). Here the strategy is different since the periodic contributions
involved, due to the orbital motion of Saturn about the Sun, have a much shorter period
(≈ 30 years) than the relevant ones for Mercury, due to the regressional motion of Mercury’s
ascending node, the associated period being ≈ 250 kyears.
6.1. A synthetic model
Our goal is to express the obliquity of the shell as a sum:
Ks(t) = A0 +
∑
i
Ai cosφi(t), (80)
where Ai are real amplitudes, and φi(t) linear functions of degree one of time. For that, we
consider 13 models of Titan (see Tab.4) that fall into the resonance and correspond to the
gravity solution SOL1 within the 1-sigma limit. Here the key parameter is the frequency σ4
and the models have been chosen among this criterion, so choosing them in SOL2 instead
of SOL1 would not change the results.
EDITOR: PLACE TABLE 4 HERE.
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Table 4: Internal structure of the 13 resonant Titans that we use in this Section, complying with the SOL1 gravity field.
The densities are in kg/m3, the radii in km, and f is the compensation factor. 2440 km have been substracted from
the radii of the shell-ocean boundary ao, bo and co, and 2170 km have been substracted from the radii of the core-ocean
boundary ac, bc and cc. The outer radii are the measured ones (Tab.1). All models had 130 km mean shell thicknesses,
and all except N=58 had 270 km mean ocean thicknesses. The mean ocean thickness of the model 58 was 260 km.
N ρs ρo ρc ao bo co ac bc cc f J2 C22 Shell thickness
×10−5 ×10−6 Min - Max
58 900 950 2486.396 2.282 3.517 8.587 14.983 14.731 14.648 80% 3.147 9.973 125.843-132.868
791 910 960 2501.093 2.303 3.538 8.544 4.981 4.732 4.649 82% 3.176 9.949 125.885-132.847
1228 920 950 2502.910 0.469 2.733 11.184 4.980 4.732 4.649 82.5% 3.183 9.951 123.246-134.681
1230 920 950 2502.910 0.523 2.757 11.105 4.980 4.732 4.649 83.5% 3.207 9.966 123.325-134.627
1231 920 950 2502.910 0.550 2.768 11.067 4.980 4.732 4.649 84% 3.219 9.974 123.363-134.600
1333 920 960 2498.704 1.574 3.211 9.600 4.981 4.731 4.648 81.5% 3.168 9.961 124.830-133.576
1336 920 960 2498.704 1.636 3.239 9.511 4.981 4.731 4.648 83% 3.204 9.984 124.919-133.514
1485 920 980 2490.291 2.692 3.695 7.998 4.981 4.731 4.648 80% 3.148 9.988 126.432-132.457
1487 920 980 2490.291 2.721 3.708 7.956 4.981 4.731 4.648 81% 3.173 10.004 126.474-132.429
1488 920 980 2490.291 2.735 3.714 7.936 4.981 4.731 4.648 81.5% 3.186 10.012 126.494-132.415
1783 930 960 2496.315 0.442 2.705 11.239 4.981 4.731 4.648 82.5% 3.197 9.996 123.191-134.708
1858 930 970 2492.109 1.554 3.190 9.642 4.981 4.731 4.648 81.5% 3.181 10.005 124.788-133.596
1860 930 970 2492.109 1.596 3.209 9.581 4.981 4.731 4.648 82.5% 3.206 10.021 124.849-133.554
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For each of these 13 models, we simulate the rotation corresponding to the dynamical
equilibrium. For that, we use the algorithm of (Noyelles et al. 2014) already mentionned,
consisting in removing iteratively the free oscillations from the initial conditions, after
frequency analysis. The difficulty here comes from the quasi-resonant condition, because
the period associated with σ4 is close to the period of the annual forcing, i.e. 29.45716
years. To bypass this problem, we must integrate over a large time interval so that the
distance between the frequencies gets bigger than twice the frequency whose period is
the integration interval. In practice, we have integrated over 36,800 years. The TASS1.6
ephemeris are valid over 9,000 years, but since they are composed of trigonometric series,
they can be extrapolated without diverging.
After obtaining the trajectories and frequency analysis of the obliquities, we get:
Ks(t, σ4) ≈ A0(σ4) + A1(σ4) cosφ1(t) + A2(σ4) cosφ2(t), (81)
with
φ1(t) = 0.20436788 t− 1.08611, (82)
φ2(t) = 0.63989736 t+ 1.22080, (83)
the time origin being J2000, the time in years, and the angles in radians. The periods of
these forced oscillations are respectively 30.74475 and 9.81906 years. φ1 and φ2 can be
reconstructed from the elements of Tab.3, numbered from (1) to (4). We have φ1 = (1)−(4),
and φ2 = (3)− (4).
Tab.5 gathers the coefficients Ai given by the frequency analysis. The error due to this
representation is always smaller than 1.1 arcmin over 100 years. This is actually a maximum
of the difference between the obliquity given by the formula (81) and the one resulting from
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our numerical simulation. This difference can be due to neglected oscillating contributions
in the Eq.(81), but also to a residual of free oscillation in the numerical simulation, that
noises the signal.
EDITOR: PLACE TABLE 5 HERE.
Table 5: Synthetic representation of the obliquity of the shell. The error due to the synthetic
representation is estimated over 100 years from J2000. T4 is the period associated with σ4
measured by frequency analysis, while T ⋆4 is given by the Eq.(74). The last column gives the
computed obliquity at the observation date, i.e. ≈2007.2. In this table, the models 58 and
1487 are the closest to the measured obliquity.
N A0 A1 A2 Error T4 T
⋆
4 ∆T4 @J2007.2
(arcmin) (arcmin) (arcmin) (arcmin) (years) (years) (arcmin)
58 18.46293 −3.79374 0.58755 0.6 29.59253 29.25391 1.14% 15.4751
791 11.12233 3.70234 −0.57339 0.8 29.23168 28.75465 1.63% 14.0382
1228 9.10463 −3.67034 0.56454 0.9 29.74431 29.26631 1.61% 6.2105
1230 42.51503 3.75107 −0.59207 0.3 29.40183 28.85206 1.87% 45.4592
1231 11.05850 3.68666 −0.57384 0.8 29.23102 28.65278 1.98% 13.9594
1333 9.48745 −3.68069 0.56667 1.1 29.73195 29.30645 1.43% 6.5856
1336 10.17817 3.67598 −0.56950 0.8 29.20998 28.68037 1.81% 13.0731
1485 15.61029 −3.74199 0.58342 1.0 29.61870 29.26416 1.20% 12.6667
1487 12.79944 3.71361 −0.57774 0.7 29.26101 28.83270 1.46% 15.7218
1488 7.10257 3.58116 −0.53779 0.8 29.08751 28.62520 1.59% 9.9381
1783 9.48544 −3.66939 0.56698 1.1 29.73153 29.25060 1.62% 6.5944
1858 9.77734 −3.67887 0.56840 0.9 29.72422 29.29491 1.44% 6.8788
1860 29.96008 3.73986 −0.59003 0.4 29.37617 28.87354 1.70% 32.8957
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We also check in this table the accuracy of the analytical estimation of T4 by the
Eq.(74). We can see that this formula slightly underestimates the period. Its accuracy,
better than 2%, is good enough to detect the influence of the resonance, but might
be insufficient to predict the resulting obliquity, since this quantity is highly sensitive
to the distance to the exact resonance with the annual forcing. The last column gives
Ks(t = J2007.2) calculated from the Eq.(81), this date is very close to the one of the
observation, i.e. March 11th, 2007.
A least-square fit of the obtained numbers for A0, A1 and A2 allows us to write
A0 =
α
|σ4 − σ| , (84)
A1 = β sgn(σ4 − σ), (85)
A2 = γ sgn(σ − σ4), (86)
with
α = (0.0176084± 0.0002901) arcmin, (87)
β = (3.69780± 0.01442) arcmin, (88)
γ = (0.573225± 0.003937) arcmin, (89)
σ = 2π/29.45716 = 0.2132991 rad/y being the frequency of the annual forcing.
EDITOR: PLACE FIGURE 6 HERE.
The quantity A0 can be seen as the mean obliquity of Titan, or of its shell, averaged
over a long enough interval, here nearly 40 kyears. It should not be confused with the
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Table 6: Mean obliquity A0 of Titan, fitted with the Eq.(84). The circles correspond to the
models given in the Tab.5.
observed obliquity that is an instantaneous quantity. A0 is plotted in the Fig.6. We can see
an asymptotic behavior at the exact resonance, i.e. σ4 = σ, or T4 = 29.45716 years. The
other two parameters A1 and A2 have a different sign whether σ4 is bigger or smaller than
σ.
6.2. 2 solutions
From the Eq.(81) we calculate the obliquity at J2007.2, to be compared to the (18.6±3)
arcmin measured by (Meriggiola & Iess 2012). We use our Eq.(81) instead of our numerical
simulations, to remove the error due to the free oscillations. We get from a linear least
squares fit:
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Ks(t = J2007.2, σ4) =
α′
‖σ4 − σ‖ + β
′ sgn(σ − σ4), (90)
with
α′ = (0.0176424± 0.0001689) arcmin, (91)
β ′ = (−2.73983± 0.1727) arcmin. (92)
The Eq.(90) is plotted in the Fig.7.
Table 7: Obliquity of Titan on March 11th, 2007. The circles correspond to our 13 models, the
associated obliquity being calculated with the Eq.(81). The plotted function is the Eq.(90),
while the horizontal line corresponds to the 18.6 arcmin measured by (Meriggiola & Iess
2012). We can see that the problem has 2 solutions.
We can see that 2 frequencies, or periods, can give the measured obliquity of
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18.6 arcmin. So, we have what we could call left solutions, where T4 < 29.45716 years, or
σ4 > σ, and right solutions where T4 > 29.45716 years, i.e. σ4 < σ.
For left solutions we have T4 = 29.3±0.03 years, and for right solutions T4 = 29.572+0.019−0.015
years. These solutions are displayed in the Fig.8 over 100 years and in the Fig.9 over the
duration of the Cassini mission.
EDITOR: PLACE FIGURE 8 HERE.
Fig. 8.— Left (T4 = 29.3 years) and right (T4 = 29.572 years) solutions over 100 years.
These two solutions coincide at the date of observation, but have actually very different
behaviors. They have respectively a mean obliquity of ≈ 15 and ≈ 21 arcmin because the
right solution is closer to the exact resonance than the left one, and they have the same
period of main oscillation, i.e. 30.74475 years (Eq.82) but with opposite phases.
EDITOR: PLACE FIGURE 9 HERE.
As a consequence of these opposite phases, the left solution has a negative slope
over the Cassini mission, while the right one has a positive one (see Tab. 8). A change
in obliquity of roughly 7 arcmin (0.12◦e) over the course of the Cassini mission is twice
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Fig. 9.— Left and right solutions over the Cassini mission.
the formal uncertainty quoted by Meriggiola & Iess (2012) and should be detectable with
careful analysis (Bills et al. 2013).
EDITOR: PLACE TABLE 8 HERE.
Table 8: Mean slopes of the obliquity of Titan. The unit is arcsec/y.
Left Right
T4 = 29.3 y T4 = 29.572 y
[2004; 2012] −20.8449 20.8449
[2012; 2018] −49.6699 49.6699
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6.3. The obliquity of the core
We also derived the mean obliquity of the core < Kc >, from a frequency analysis of
the resulting trajectories. It is close to 9.2 arcmin, and the instantaneous core obliquity
Kc(t) can vary between 7 and 10.3 arcmin over the next 100 years. We also checked that
the period T3 of the free oscillations is slightly bigger than suggested by the analytical
formula (73), the error being smaller than 1%.
7. Conclusion
The goal of this study was to investigate the constraint that the rotation of Titan could
provide on its interior. Supporting the suggestion originally by (Baland et al. 2011), we find
that between 10 and 13% of our realistic Titans fall into a resonance with the annual forcing,
raising the obliquity of the shell. These Titans have a 130 to 140 km mean thickness shell
overlying a ≈250 thick ocean, and include shell thickness variations (bottom loading) that
are from 80% to 92% compensated, consistent with the gravity and topography constraints.
A better determination of the gravity field would help to refine these numbers.
The quasi-resonant behavior results in two solutions to explain the observed obliquity
of Titan, that could be discriminated by measuring the time derivative of the obliquity. A
detection by Cassini of a time-variable obliquity would thus provide strong evidence for the
analysis presented here.
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A. Derivation of the gravitational torque of the shell on the crust
We here aim at deriving the gravitational torque of the shell on the crust as (Szeto & Xu
1997) did. We first express the vector ~r pointing to the position of a mass element of the
core, in the reference frames of the shell and of the core:
~r = X
#»
f s1 + Y
#»
f s2 + Z
#»
f s3
= x
#»
f c1 + y
#»
f c2 + z
#»
f c3
with


X
Y
Z

 =


l1 l2 l3
m1 m2 m3
n1 n2 n3




x
y
z

 (A1)
and


l1 l2 l3
m1 m2 m3
n1 n2 n3

 = R3(−θs)R1(−ǫs)R3(hc − hs)R1(ǫc)R3(θc), (A2)
(X, Y, Z) and (x, y, z) being the cartesian coordinates of the mass element expressed in the
two reference frames, of the shell and of the core respectively.
From
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r2 = X2 + Y 2 + Z2,
cosψ = Z/
√
X2 + Y 2 + Z2,
sin2 ψ cos 2φ = (X2 − Y 2)/(X2 + Y 2 + Z2),
P2(cosψ) = (2Z
2 −X2 − Y 2)/(2(X2 + Y 2 + Z2)),
P 22 (cosψ) cos 2φ = 3(X
2 − Y 2)/(X2 + Y 2 + Z2),
we get
Φ = β(2Z2 −X2 − Y 2)/2 + 3γ(X2 − Y 2). (A3)
After expression of the potential Φ in the reference frame of the core following Eq.(A1),
derivation to get the gradient and the cross product, and elimination of the crossed terms
resulting in a null integral because the core is triaxial, we get from the Eq.(24):
#   »
Γcsh = β


(−2n2n3 +m2m3 + l2l3)
t
core
ρc (z
2 − y2) dxdydz #»f c1
(2n1n3 −m1m3 − l1l3)
t
core
ρc (z
2 − x2) dxdydz #»f c2
(−2n1n2 +m1m2 + l1l2)
t
core
ρc (y
2 − x2) dxdydz #»f c3


+ 6γ


(m2m3 − l2l3)
t
core
ρc (z
2 − y2) dxdydz #»f c1
(l1l3 −m1m3)
t
core
ρc (z
2 − x2) dxdydz #»f c2
(m1m2 − l1l2)
t
core
ρc (y
2 − x2) dxdydz #»f c3

 (A4)
Since the matrix of the transformation from
(
#»
f s1 ,
#»
f s2 ,
#»
f s3
)
to
(
#»
f c1 ,
#»
f c2 ,
#»
f c3
)
is orthogonal
as a product of orthogonal matrices, we have
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l1l2 +m1m2 + n1n2 = 0,
l1l3 +m1m3 + n1n3 = 0,
l2l3 +m2m3 + n2n3 = 0.
And from
y
core
ρc
(
z2 − y2) dxdydz = Bc − Cc,
y
core
ρc
(
z2 − x2) dxdydz = Ac − Cc,
y
core
ρc
(
y2 − x2) dxdydz = Ac − Bc,
we finally obtain
#   »
Γcsh = 3β


n2n3(C
c −Bc) #»f c1
−n1n3(Cc − Ac) #»f c2
n1n2(B
c −Ac) #»f c3

+ 6γ


(l2l3 −m2m3)(Cc − Bc) #»f c1
−(l1l3 −m1m3)(Cc − Ac) #»f c2
(l1l2 −m1m2)(Bc − Ac) #»f c3

 , (A5)
this formula being consistent with the Eq.7 of (Szeto & Xu 1997).
B. The NAFF algorithm
The frequency analysis algorithm that we use is based on Laskar’s original idea, named
NAFF as Numerical Analysis of the Fundamental Frequencies (see for instance (Laskar
1993) for the method, and (Laskar 2005) for the convergence proofs). It aims at identifying
the coefficients ak and ωk of a complex signal f(t) obtained numerically over a finite time
span [−T ;T ] and verifying
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f(t) ≈
n∑
k=1
ak exp(ıωkt), (B1)
where ωk are real frequencies and ak complex coefficients. If the signal f(t) is real,
its frequency spectrum is symmetric and the complex amplitudes associated with the
frequencies ωk and −ωk are complex conjugates. The frequencies and amplitudes associated
are found with an iterative scheme. To determine the first frequency ω1, one searches for
the maximum of the amplitude of
φ(ω) =< f(t), exp(ıωt) >, (B2)
where the scalar product < f(t), g(t) > is defined by
< f(t), g(t) >=
1
2T
∫ T
−T
f(t)g(t)∗χ(t)dt, (B3)
g(t)∗ being the complex conjugate of g(t). χ(t) is a weight function alike a Hann or a
Hamming window, i.e. a positive function verifying
1
2T
∫ T
−T
χ(t)dt = 1. (B4)
Using such a window can help the determination in reducing the amplitude of secondary
minima in the transform (B3). Its use is optional.
Once the first periodic term exp(ıω1t) is found, its complex amplitude a1 is
obtained by orthogonal projection, and the process is started again on the remainder
f1(t) = f(t) − a1 exp(ıω1t). The algorithm stops when two detected frequencies are too
close to each other, what alters their determinations, or when the number of detected
terms reaches a limit set by the user. This algorithm is very efficient, except when two
frequencies are too close to each other. In that case, the algorithm is not confident in its
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accuracy and stops. When the difference between two frequencies is larger than twice the
frequency associated with the length of the total time interval, the determination of each
fundamental frequency is not perturbed by the other ones. Although the iterative method
suggested by (Champenois 1998) allows to reduce this distance, some troubles may remain.
In our specific case, the Titans affected by the annual resonance present a frequency of free
oscillations that is very close to the forcing frequency of the Sun, the period associated
being 29.46 years. For these Titans, distinguishing these two oscillations is challenging.
C. Analytical expression of the longitudinal librations
This calculation is not original and can be found for instance in (Baland & Van Hoolst
2010). We here write it in a way pretty similar as in (Van Hoolst et al. 2013). Our physical
model is different because we do not consider elastic effects.
Since we are here only interested in the longitudinal librations, we can a priori assume
that the obliquities and polar motions of the core and the shell are negligible. This yields
ωc1 = ω
c
2 = ω
s
1 = ω
s
2 = 0 and ǫ
c = ǫs = 0, i.e. ξc = ηc = ξs = ηs = 0. So, only the Eq. 37,
40, 43 and 46 still hold. After expansion of the orbital ephemerides up to the first order in
eccentricity e6 and expression of the resonant arguments γ
c = pc − λ6 and γs = ps − λ6, we
get:
Csγ¨s +K1γ
s +K2γ
c = 4eK3 sinM6, (C1)
Ccγ¨c +K2γ
s +K4γ
c = 4eK5 sinM6, (C2)
with
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K1 = 3n
2
6 (B
s − As +Bot − Aot ) + 12γo (Bc −Ac +Bob − Aob) , (C3)
K2 = −12γo (Bc − Ac +Bob − Aob) , (C4)
K3 =
3
2
n26 (B
s − As +Bot − Aot ) , (C5)
K4 =
(
3n26 + 12γ
o
)
(Bc − Ac +Bob −Aob) , (C6)
K5 =
3
2
n26 (B
c − Ac +Bob − Aob) , (C7)
M6 being the mean anomaly of Titan. The amplitudes of the forced librations at orbital
period gs and gc can be written as
gs =
4e (n26K3C
c +K2K5 −K3K4)
CcCs (n26 − σ21) (n26 − σ22)
, (C8)
gc =
4e (n26K5C
s +K2K3 −K1K5)
CcCs (n26 − σ21) (n26 − σ22)
, (C9)
where σ1 and σ2 are the frequencies of the free longitudinal oscillations:
σ1,2 =
K1C
c +K4C
s ±
√
4(K22 −K1K4)CcCs + (K1Cc +K4Cs)2
2CcCs
. (C10)
D. Notations used in this paper
EDITOR: PLACE TABLE 9 HERE.
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Table 9. Main notations used in this study.
a,b,c,R External radii and mean radius of Titan
hc,ǫc,θc Euler angles orienting the principal axes of the core
hs,ǫs,θs Euler angles orienting the principal axes of the shell
ξc,ηc,pc Non-singular Euler coordinates for the core
ξs,ηs,ps Non-singular Euler coordinates for the shell
~Gc, ~Gs Angular momentum of the shell and the core
(
#»
f c1 ,
#»
f c2 ,
#»
f c3) Reference frame of the principal axes of inertia of the core
(
#»
f s1 ,
#»
f s2 ,
#»
f s3 ) Reference frame of the principal axes of inertia of the shell
Ac,Bc,Cc,As,Bs,Cs Principal moments of inertia of the core and the shell
Aot ,B
o
t ,C
o
t ,A
o
b,B
o
b ,C
o
b Principal moments of inertia of the top and bottom oceans
# »
rsY = xcY #»f c1 + ycY #»f c2 + zcY #»f c3 Vector Titan-Saturn in the frame of the core
# »
rsY = xsY #»f s1 + ysY #»f s2 + zsY #»f s3 Vector Titan-Saturn in the frame of the shell
MY,M6 Masses of Saturn and of Titan
n6,M6,λ6 Mean motion, anomaly and longitude of Titan
e6,I6 Eccentricity and inclination of Titan
̟6,6 Longitudes of the pericentre and the ascending node of Titan
ρs,ρo,ρc,ρ6 Densities of the shell, the ocean, the core, and Titan
ao,bo,co,ac,bc,cc Radii of the shell-ocean boundary and of the core
f1,κ1 Flattening and equatorial ellipticity of the shell-ocean boundary
f2,κ2 Flattening and equatorial ellipticity of Titan
ψ,φ Colatitude and east longitude of a mass element
G Gravitational constant
#    »
Γs,oY Gravitational torque of Saturn on the shell+top ocean
#   »
Γc,oY Gravitational torque of Saturn on the core+bottom ocean
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Table 9—Continued
#    »
Γs,oco Gravitational torque of the core on the shell+top ocean
#   »
Γc,osh Gravitational torque of the shell on the core+bottom ocean
ψc,ψs Tidal librations of the core and the shell
γc,γs Physical librations of the core and the shell
gc,gs Amplitude of the diurnal component of the physical librations
Kc,Ks Obliquities of the core and the shell
Qc1,Q
c
2,Q
s
1,Q
s
2 Components of the polar motions of the core and the shell
do,ds Mean thicknesses of the shell and the ocean
ht,hb Topographic top and bottom anomalies
f Isostatic compensation factor
σ1,σ2,T1,T2 Frequencies and periods of the free librations in longitude
σ3,σ4,T3,T4 Frequencies and periods of the free librations of the obliquity
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